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k–FIBONACCI NUMBERS WITH TWO BLOCKS OF REPDIGITS
ERIC F. BRAVO, JHON J. BRAVO, AND CARLOS A. GO´MEZ
Abstract. A generalization of the well–known Fibonacci sequence is the k–Fibonacci
sequence with some fixed integer k ≥ 2. The first k terms of this sequence are 0, . . . , 0, 1,
and each term afterwards is the sum of the preceding k terms. In this paper, we find
all k–Fibonacci numbers that are concatenations of two repdigits. This generalizes prior
results which dealt with the above problem for the particular cases of Fibonacci and
Tribonacci numbers.
Keywords and phrases. Generalized Fibonacci number, repdigit, linear form in log-
arithms, reduction method.
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1. Introduction
A repdigit is a positive integer N whose decimal representation has a unique repeating
digit. Letting a ∈ {1, . . . , 9} be the value of the repeating digit and m be the number of
digits of N we have
N = a
(
10m − 1
9
)
= a · · · a︸ ︷︷ ︸
m times
.
Over the last decade there has been a flurry of activity regarding finding all members
of certain classical recurrence sequences which are repdigits and more recently, that are
concatenations of repdigits∗.
For a fixed integer k ≥ 2, the sequence of k–Fibonacci numbers F (k) = {F
(k)
n }n≥k−2 is
given by the recurrence
F (k)n = F
(k)
n−1 + · · · + F
(k)
n−k for all n ≥ 2,
with initial values F
(k)
i = 0, for i = 2 − k, . . . , 0, and F
(k)
1 = 1. We call F
(k)
n the nth
k–Fibonacci number. Note that each new choice of k produces a distinct generalization
of the Fibonacci sequence. For example, the usual Fibonacci numbers are obtained for
k = 2. For k = 3 such numbers are called Tribonacci numbers. They are followed by the
Tetranacci numbers for k = 4, and so on.
In 2000, Luca [14] showed that 55 is the largest repdigit Fibonacci number. Since
then this result was generalised and extended in various directions. For example, Marques
∗Given positive integers A1, . . . , At, we write A1 · · ·At for the integer that is the concatenation A1 · · ·At.
In particular, a positive integer M is a concatenation of two repdigits if there are a, b ∈ {0, 1, . . . , 9} with
a 6= 0 such that M = a · · · a
︸ ︷︷ ︸
m times
b · · · b
︸ ︷︷ ︸
ℓ times
= a · · · a
︸ ︷︷ ︸
m times
× 10ℓ + b · · · b
︸ ︷︷ ︸
ℓ times
.
1
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[12] proved in 2013 that 44 is the largest repdigit in the Tribonacci sequence. Shortly
afterwards, Bravo and Luca [8] showed that there are no repdigits having at least 2 digits
in any k–Fibonacci sequence for any k > 3, confirming a conjecture raised by Marques
[12]. More generally, Alahmadi et al. [2] generalized recently the results mentioned above
by showing that only repdigits with at least two digits as product of ℓ consecutive k–
Fibonacci numbers occur only for (k, ℓ) = (2, 1), (3, 1), extending the works [6, 15] which
dealt with the particular cases of Fibonacci and Tribonacci numbers.
On the other hand, in 2005 Banks and Luca [4] studied the representation of a term
of a binary recurrence sequence as concatenation of another terms of the same sequence,
obtaining a finiteness result provided that the binary sequence satisfies certain mild hy-
potheses. Other problems about concatenacions in recurrence sequences have been in-
vestigated recently. For example, Trojovsky´ [18] found that F22 = 17711 is the largest
Fibonacci number whose decimal representation has the form ab · · · bc · · · c. Alahmadi
et al. [1] showed that 13, 21, 34, 55, 89, 144, 233 and 377 are all the Fibonacci numbers
that are concatenations of two repdigits, while Bravo and Bravo [5] showed that the only
Tribonacci numbers that are concatenations of two repdigits are 13, 24, 44 and 81.
In this paper, we study the problem of representing k–Fibonacci numbers as concate-
nations of two repdigits, i.e.,
F (k)n = d1 · · · d1︸ ︷︷ ︸
m times
d2 · · · d2︸ ︷︷ ︸
ℓ times
which continues and extends the works in [1] and [5]. More precisely, we solve the Dio-
phantine equation
F (k)n =
d110
m+ℓ − (d1 − d2)10
ℓ − d2
9
,(1)
in nonnegative integers d1, d2, k,m, ℓ, n with d1, d2 ∈ {0, 1, . . . , 9}, d1 > 0, k ≥ 2 and
m, ℓ ≥ 1. Our main result is as follows.
Theorem 1. The only k–Fibonacci numbers which are concatenations of two repdigits are
F
(2)
7 = 13 F
(2)
12 = 144 F
(3)
8 = 44 F
(4)
12 = 773 F
(8)
10 = 255
F
(2)
8 = 21 F
(2)
13 = 233 F
(3)
9 = 81 F
(5)
7 = 31 F
(9)
11 = 511
F
(2)
9 = 34 F
(2)
14 = 377 F
(4)
6 = 15 F
(5)
8 = 61 F
(k)
6 = 16, ∀k ≥ 5
F
(2)
10 = 55 F
(3)
6 = 13 F
(4)
7 = 29 F
(6)
8 = 63 F
(k)
7 = 32, ∀k ≥ 6
F
(2)
11 = 89 F
(3)
7 = 24 F
(4)
8 = 56 F
(7)
13 = 2000 F
(k)
8 = 64, ∀k ≥ 7
2. Auxiliary results
2.1. k–Fibonacci sequence. We start with some properties of F (k). To begin, the first
k + 1 nonzero terms in F (k) are powers of two, namely F
(k)
1 = 1 and
(2) F (k)n = 2
n−2 holds for all 2 ≤ n ≤ k + 1.
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Moreover, the inequality
(3) F (k)n < 2
n−2 holds for all n ≥ k + 2 (see [10]).
On the other hand, it is known that the characteristic polynomial of F (k), namely
Ψk(x) = x
k − xk−1 − · · · − x− 1,
is irreducible over Q[x] and has just one zero α := α(k) outside the unit circle. The other
zeros of Ψk(x) are strictly inside the unit circle. Furthermore, α ∈
(
2(1 − 2−k), 2
)
, (see
[19, Lemma 3.6]). To simplify the notation, we shall omit the dependende on k of α.
We now consider the function fk(x) = (x− 1)/(2 + (k+1)(x− 2)) for an integer k ≥ 2
and x > 2(1 − 2−k). Dresden and Du [11] showed that
(4) F (k)n =
k∑
i=1
fk(αi)α
n−1
i and |ek(n)| := |F
(k)
n − fk(α)α
n−1| <
1
2
hold for all n ≥ 1 and k ≥ 2.
We finish this subsection with the following estimate of Bravo, Go´mez and Luca [7],
which will be the key point in addressing the large values of k.
Lemma 1. If n < 2k/2, then
F (k)n = 2
n−2(1 + ζ(n, k)), where |ζ(n, k)| <
2
2k/2
.
2.2. Linear forms in logarithms. In this section, it will be sufficient for us to give a
general lower bound for linear forms in logarithms due to Matveev [16]. Let t > 1 be
an integer. Let η1, . . . , ηt be nonzero elements of a number field L of degree dL, and let
b1, . . . , bt be integers. Set
D = max
{
|b1|, . . . , |bt|
}
and Λ = ηb11 · · · η
bt
t − 1.
Definition 1 (Logarithmic height). Let η be a nonzero element of L of degree d | dL, and
let
∑
0≤j≤d ajx
j be its minimal primitive polynomial in Z[x] with ad 6= 0. The logarithmic
height h(η) of η is given by
h(η) =
1
d
(
log(|ad|) +
d∑
i=1
logmax
{
|ηi|, 1
})
,
where (ηi)1≤i≤d are the conjugates of η.
Below are some facts about this height that will be used in the next sections without
any reference.
• If η = p/q ∈ Q is in lowest terms with q > 0, then h(η) = logmax
{
|p|, q
}
;
• h(η1 ± η2) ≤ h(η1) + h(η2) + log 2;
• h(η1η
±1
2 ) ≤ h(η1) + h(η2);
• h(ηr) = |r|h(η), r ∈ Z;
• h(fk(α)) < 2 log k for all k ≥ 2 (see [9]).
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Let A1, . . . , At be real numbers such that
Ai ≥ max
{
dLh(ηi), |log ηi| , 0.16
}
for all i = 1, . . . , t.
With the previous notations, the main result of Matveev [16] implies the following estimate.
Theorem 2. Assume that Λ is nonzero. If L is real, then
log |Λ| > −1.4 · 30t+3 · t4.5 · d2L (1 + log dL) (1 + logD)A1 · · ·At.
2.3. Reduction tools. To lower the bounds arising from applying Theorem 2, we will
use some results from the theory of continued fractions. The following lemma is a slight
variation of a result due to Dujella and Petho˝ [13]. We shall use the version given by
Bravo, Go´mez and Luca (see [9, Lemma 1]).
Lemma 2. Let γ be an irrational number, and let A,B, µ be real numbers with A > 0
and B > 1. Assume that M is a positive integer. Let p/q be a convergent of the continued
fraction of γ such that q > 6M and put ǫ := ‖µq‖−M ‖γq‖, where ‖·‖ denotes the distance
from the nearest integer. If ǫ > 0, then there is no solution of the inequality
0 < |rγ − s+ µ| < AB−w
in positive integers r, s and w with r ≤M and w ≥ log(Aq/ǫ)/ logB.
The above lemma cannot be applied when µ is a linear combination of 1 and γ, since
then ǫ < 0. In this case, we use the following nice property of continued fractions (see
Theorem 8.2.4 and top of page 263 in [17]).
Lemma 3. Let pi/qi be the convergents of the continued fraction [a0, a1, . . .] of the irra-
tional number γ. Let M be a positive integer and put aM := max{ai | 0 ≤ i ≤ N + 1}
where N ∈ N is such that qN ≤M < qN+1. If x, y ∈ Z with x > 0, then
|xγ − y| >
1
(aM + 2)x
for all x < M.
3. The proof of Theorem 1
We assume first that the Diophantine equation (1) holds. First of all, combining the
fact that 10m+ℓ−1 < d1 · · · d1︸ ︷︷ ︸
m times
d2 · · · d2︸ ︷︷ ︸
ℓ times
= F
(k)
n with (2) and (3), and performing some
calculations, one gets
(5) m+ ℓ < (n− 2)
log 2
log 10
+ 1.
In particular, ℓ < m+ℓ < n−2 for all n ≥ 4. We start our analysis of (1) for 2 ≤ n ≤ k+1.
In this case, using (2), equation (1) becomes
(6) d110
m+ℓ − (d1 − d2)10
ℓ − 9 · 2n−2 = d2.
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Comparing the 2–adic valuation on both sides of (6) we obtain that ℓ ≤ 3. We now rewrite
(6) as
(7) d110
m+ℓ − 9 · 2n−2 = (d1 − d2)10
ℓ + d2 ∈ [−7991, 9000] .
Note that the largest power of 2 in [−7991, 9000] is 213, therefore m + ℓ ≤ 13 by (7). A
simple routine in Mathematica reveals us that 16, 32 and 64 are the only k–Fibonacci
numbers with two blocks of repdigits in the range d1, d2 ∈ {0, 1, . . . , 9}, d1 > 0, k ≥ 2,
1 ≤ m ≤ 12, 1 ≤ ℓ ≤ 3 and 2 ≤ n ≤ k+1. Thus, from now on we suppose that n ≥ k+2.
3.1. An inequality for n in terms of k. Since the cases k = 2, 3 were already treated
in [1, 5], we assume that k ≥ 4. Using (1) and (4) we get
fk(α)α
n−1 −
d110
m+ℓ
9
= −
(
(d1 − d2)10
ℓ
9
+
d2
9
+ ek(n)
)
,
and so ∣∣∣∣fk(α)αn−1 − d110m+ℓ9
∣∣∣∣ =
∣∣∣∣(d1 − d2)10ℓ9 + d29 + ek(n)
∣∣∣∣
≤ 10ℓ + 3/2 < 1.2 × 10ℓ.
Dividing both sides of the above inequality by d110
m+ℓ/9, we obtain
(8)
∣∣∣∣
(
9fk(α)
d1
)
αn−110−(m+ℓ) − 1
∣∣∣∣ < 1110m .
With the notation of Theorem 2, we take
t := 3, (η1, b1) := (9fk(α)/d1, 1), (η2, b2) := (α, n−1) and (η3, b3) := (10,−(m+ ℓ)).
The real number field containing η1, η2, η3 is L := Q(α), so we can take dL := k. The
left–hand side of (8) is nonzero. In fact, if it were zero, then
d1
9
10m+ℓ = fk(α)α
n−1.
Conjugating the above relation by some automorphism of the Galois group of the splitting
field of Ψk(x) over Q and then taking absolute values, we get that for any i > 1,
d1
9
10m+ℓ =
∣∣fk(αi)αn−1i ∣∣ .
But the above equality is impossible since its left–hand side is ≥ 100/9, whereas its right–
hand side is at most 1 because |αi| < 1 (see [9, Lemma 2]).
Since m+ ℓ < n by (5), we can take D := n. The logarithmic heights of η2 and η3 are
(log α)/k and log 10, respectively. Furthermore,
h(η1) ≤ h(9/d1) + h(fk(α)) ≤ log 9 + 2 log k < 4 log k for all k ≥ 4.
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Hence, we can choose A1 = 4k log k, A2 = log 2 and A3 = k log 10. Thus, Theorem 2 tells
us that
(9) log
∣∣∣∣
(
9fk(α)
d1
)
αn−110−(m+ℓ) − 1
∣∣∣∣ > −ck(1 + log n),
where ck := 1.4 · 30
6 · 34.5 · k2(1 + log k)(4k log k)(log 2)(k log 10). Taking logarithms in
inequality (8) and comparing the resulting inequality with (9), we get
(10) m log 10 < 3.7× 1012k4 log2 k log n,
where we used the fact that 1 + log s ≤ 2 log s for all s ≥ 3.
Using now (1) and (4) once again, we get that
(11)
∣∣∣∣d110m − (d1 − d2)9 10ℓ − fk(α)αn−1
∣∣∣∣ = |ek(n) + d2/9| < 3/2,
and dividing it across by fk(α)α
n−1 and using the fact that fk(α) > 1/2, we obtain
(12)
∣∣∣∣
(
d110
m − (d1 − d2)
9fk(α)
)
α−(n−1)10ℓ − 1
∣∣∣∣ < 6αn .
In a second application of Theorem 2, we take the same parameters as in the first appli-
cation, except by η1, b2 and b3 which in this case are given by
η1 =
d110
m − (d1 − d2)
9fk(α)
, b2 = −(n− 1) and b3 = ℓ.
As before, L := Q(α) contains ηi for i = 1, 2, 3, and has degree dL := k. The choices of D,
A2 and A3 are also the same as before. To see why the left–hand side of (12) is nonzero,
note that otherwise, we would get the relation
d110
m+ℓ − (d1 − d2)10
ℓ = 9fk(α)α
n−1.
Now, conjugating with an automorphism σ of the Galois group of Ψk(x) over Q such that
σ(α) = αi for some i > 1, and then taking absolute values, we obtain that
9 < d110
m+ℓ − (d1 − d2)10
ℓ = 9|fk(αi)α
n−1
i | < 9,
which is impossible. Thus, the left–hand side of (12) is nonzero. Let us now estimate
h(η1). Applying the properties of h(·) and considering inequality (10), we get
h(η1) ≤ h(9) + h(fk(α)) + h(d110
m − (d1 − d2))
< log 9 + 2 log k + log(d110
m − (d1 − d2))
< 4 log k + log(10m+1)
< 3.8 × 1012k4 log2 k log n.
So, we can take A1 = 3.8× 10
12k5 log2 k log n. Theorem 2 now implies
(13) log
∣∣∣∣
(
d110
m − (d1 − d2)
9fk(α)
)
α−(n−1)10ℓ − 1
∣∣∣∣ > −3.5× 1024k8 log3 k log2 n,
k–FIBONACCI NUMBERS WITH TWO BLOCKS OF REPDIGITS 7
where we used again that 1 + log s ≤ 2 log s for all s ≥ 3. Taking logarithms in inequality
(12) and comparing the resulting inequality with (13), we get
(14)
n
log2 n
< 6× 1024k8 log3 k.
It is easy to check that for all C ≥ 100 the inequality y/ log2 y < C implies y < 4C log2 C.
Thus, taking C = 6× 1024k8 log3 k and performing the respective calculations, inequality
(14) yields n < 9× 1028k8 log5 k. Hence
m+ ℓ < 3× 1028k8 log5 k
by (5). We summarize what we have proved so far in the following lemma.
Lemma 4. If (d1, d2, k, ℓ,m, n) is a solution of the Diophantine equation (1) with n ≥
k + 2, then
m+ ℓ < 3× 1028k8 log5 k and n < 9× 1028k8 log5 k.
3.2. The case of small k. We next treat the cases when k ∈ [4, 500]. Let
Γ1 := (n− 1) log α− (m+ ℓ) log 10 + log(9fk(α)/d1).
Therefore, (8) can be rewritten as
|eΓ1 − 1| <
11
10m
.
Note that |eΓ1 − 1| < 1/2 for all m ≥ 2 (since 11/10m < 1/2 for all m ≥ 2). If Γ1 > 0,
then 0 < Γ1 ≤ e
Γ1 − 1 < 11/10m. If, on the contrary, Γ1 < 0, then e
|Γ1| < 2, and so
0 < |Γ1| ≤ e
|Γ1| − 1 = e|Γ1||eΓ1 − 1| < 22/10m. Hence,
0 < |Γ1| <
22
10m
holds for m ≥ 2.
Replacing Γ1 in the above inequality by its formula and dividing both sides of the resulting
inequality by log 10, we obtain
(15) 0 <
∣∣∣∣(n− 1)
(
logα
log 10
)
− (m+ ℓ) +
(
log(9fk(α)/d1)
log 10
)∣∣∣∣ < 10 · 10−m.
We now apply Lemma 2 with the choices
γk :=
logα
log 10
, µk :=
log(9fk(α)/d1)
log 10
and A = B := 10.
Clearly γk is an irrational number because α and 10 are multiplicatively independent. We
take Mk =
⌊
9× 1028k8 log5 k
⌋
, which is an upper bound on n by Lemma 4, and we apply
Lemma 2 to inequality (15) for each k ∈ [4, 500]. A computer search with Mathematica
revealed that if k ∈ [4, 500], then the maximum value of log(Aqk/ǫk)/ logB is < 151. Thus,
the possible solutions (d1, d2, k, ℓ,m, n) of equation (1) with k ∈ [4, 500] must fulfill that
m ∈ [1, 150].
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Now, let
Γ2 := ℓ log 10− (n− 1) log α+ log
(
d110
m − (d1 − d2)
9fk(α)
)
.
So, from estimate (12), we deduce that
|eΓ2 − 1| <
6
αn
.
Since 6/αn < 1/2 for all n ≥ 5, it then follows from the above inequality that
0 < |Γ2| <
12
αn
holds for n ≥ 5.
Consequently,
(16) 0 < |ℓγk − n+ µk| < 21 · α
−n,
where now
γk :=
log 10
logα
, µk := 1 +
log ((d110
m − (d1 − d2))/(9fk(α)))
logα
, A := 21 and B := α.
Here, we took Mk =
⌊
3× 1028k8 log5 k
⌋
, which is an upper bound on ℓ by Lemma 4, and
we apply Lemma 2 to inequality (16) for each d1, d2 ∈ {0, 1, . . . , 9}, d1 ≥ 1, k ∈ [4, 500]
and m ∈ [1, 150]. In this case, with the help of Mathematica, we found that the maximum
value log(Aqk/ǫk)/ logB is < 501.
In summary,
Lemma 5. If (d1, d2, k, ℓ,m, n) is a solution of the Diophantine equation (1) with k ≥ 4
and n ≥ k + 2, then
m+ ℓ < n < 500.
Finally, we use Mathematica to display the values of F
(k)
n for n ∈ [5, 500] and k ∈
[2, 500], and checked that the equation (1) has the solutions listed in Theorem 1. This
completes the analysis in the case k ∈ [4, 500].
3.3. An absolute upper bound on k. Here onwards, we suppose that k > 500. Note
that for such k we have
n < 9× 1028k8 log5 k < 2k/2.
So, from Lemma 1 and equation (1), we get∣∣∣∣d110m+ℓ9 − 2n−2
∣∣∣∣ =
∣∣∣∣2n−2ζ(n, k) + (d1 − d2)10ℓ9 + d29
∣∣∣∣
≤ 2n−2|ζ(n, k)|+
|d1 − d2|10
ℓ
9
+
d2
9
<
2n−1
2k/2
+ 10ℓ + 1.
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Consequently, ∣∣∣∣d19 10m+ℓ2−(n−2) − 1
∣∣∣∣ < 22k/2 + 10
ℓ
2n−2
+
1
2n−2
<
3
2k/2
+
10
10m
<
3
2k/2
+
10
2θm
<
13
2λ
,(17)
where θ := log 10/ log 2 and λ := min{k/2, θm}. We lower bound the left–hand side of
(17) using again Theorem 2. We take the parameters
t := 3, (η1, b1) := (d1/9, 1), (η2, b2) := (10,m + ℓ) and (η3, b3) := (2,−(n − 2)).
First, notice that Λ1 := (d1/9)10
m+ℓ2−(n−2)−1 is nonzero, for if it were, then d110
m+ℓ/9 =
2n−2, which is impossible since the left–hand side of the above equality is divisible by 5
while the right–hand side is not. In this third application of Theorem 2, we take L := Q,
dL := 1, A1 := log 9, A2 := log 10, A3 := log 2 and D := n. We thus get that
exp
(
−1.1× 1012 log n
)
<
13
2λ
.
Taking logarithms in the above inequality and performing some calculations, we obtain
(18) λ < 1.6× 1012 log n.
3.3.1. The case λ = k/2. Using (18), Lemma 4 and the fact that log(9× 1028k8 log5 k) ≤
21 log k for all k ≥ 333, we get
k < 3.2× 1012 log n
< 3.2× 1012 log(9× 1028k8 log5 k)
< 7× 1013 log k.
The above resulting inequality implies that k < 3 × 1015. Hence, m+ ℓ < 2 × 10160 and
n < 4× 10160 by Lemma 4.
3.3.2. The case λ = θm. Here, the inequality (18) implies that
(19) m < 4.9 × 1011 log n.
Now, Lemma 1 and equation (1) give∣∣∣∣d110m − (d1 − d2)9 10ℓ − 2n−2
∣∣∣∣ =
∣∣∣∣2n−2ζ(n, k) + d29
∣∣∣∣
≤ 2n−2|ζ(n, k)|+
d2
9
<
2n−1
2k/2
+ 1,
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which leads to
(20) |Λ2| <
3
2k/2
,
where Λ2 := (d110
m − (d1 − d2)/9)10
ℓ2−(n−2) − 1. By the same arguments used before for
Λ1, we conclude that Λ2 6= 0. With a view towards applying Theorem 2 in a fourth time,
we take the same parameters as in the third application of it, except by η1 and b2 which
in this case are given by (d110
m − (d1 − d2))/9 and ℓ, respectively. As before, L := Q,
dL := 1, A2 := log 10, A3 := log 2 and D := n. Moreover, we have that
h(η1) ≤ h(9) + h(d110
m − (d1 − d2))
< log 9 + log(d110
m − (d1 − d2))
< log 9 + log(10m+1)
< 1.2 × 1012 log n,
where in the last string of inequalities we used (19). Hence, we can take A1 := 1.2 ×
1012 log n. We thus get that
exp
(
5.5× 1023 log2 n
)
<
3
2k/2
Taking logarithms in the above inequality, it then follows from Lemma 4 that
k < 7.1× 1026 log2 k.
The above inequality gives us k < 3.6 × 1030. Therefore, m + ℓ < 1.5 × 10282 and
n < 4.5× 10282 by Lemma 4. We record our conclusion as follows.
Lemma 6. If (d1, d2, k, ℓ,m, n) is a solution of the Diophantine equation (1) with k > 500
and n ≥ k + 2, then all inequalities
k < 3.6× 1030, m+ ℓ < 1.5× 10282 and n < 4.5× 10282.
hold.
3.4. Reducing the bound on k. Let
(21) Γ3 := (m+ ℓ) log 10− (n− 2) log 2 + log(d1/9).
From inequality (17), we have that
|eΓ3 − 1| <
13
2λ
.
Assuming m ≥ 2, we get that the right–hand side above is less than 1/2. Thus,
|Γ3| <
26
2λ
holds for m ≥ 2,
which gives
(22)
∣∣∣∣(m+ ℓ)
(
log 10
log 2
)
− n+
(
2 +
log(d1/9)
log 2
)∣∣∣∣ < 132λ log 2 < 38 · 2−λ.
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We apply Lemma 2 with the choices
γ :=
log 10
log 2
, µ := 2 +
log(d1/9)
log 2
, A := 38 and B := 2.
Here, we take M := 1.5× 10282 (upper bound on m+ ℓ by Lemma 6) and as we explained
before, we apply Lemma 2 to inequality (22) for all d1 ∈ {1, 2, . . . , 9} except when d1 = 9.
Indeed with the help of Mathematica we find that λ ≤ 950.
Let us now work with the case d1 = 9. We can’t study this case as before because when
applying Lemma 2 to the inequality (22) the corresponding value of ǫ is always negative.
However, one can see that if d1 = 9, then the resulting inequality from (22) has the shape
(23) |xγ − y| < 38 · 2−λ,
with γ := log 10/ log 2 being an irrational number and x := m+ ℓ, y := n− 2 ∈ Z. So, we
appeal to the Lemma 3 to obtain a lower bound for the left–hand side of (23). This gives
an absolute upper bound for λ. Let’s see.
Let [a0, a1, a2, a3, . . .] = [3, 3, 9, 2, . . .] be the continued fraction of γ, and let denote pi/qi
its ith convergent. Recall that x < 1.5 × 10282 := M by Lemma 6. A quick inspection
using Mathematica reveals that q570 ≤ M < q571. Furthermore, aM := max{ai | 0 ≤ i ≤
571} = a135 = 5393. Thus, by Lemma 3, we obtain that
(24) |xγ − y| >
1
5395(m + ℓ)
.
Comparing estimates (23) and (24), we get by Lemma 6 that
(25) 2λ < 38 · 5395 · 1.5 × 10282 < 3.1× 10287,
leading to λ ≤ 955. Consequently, λ ≤ 955 always holds.
3.4.1. The case λ = k/2. We have that k ≤ 1910.
3.4.2. The case λ = θm. We get that m ≤ 290. Now, let
(26) Γ4 := ℓ log 10− (n− 2) log 2 + log
(
d110
m − (d1 − d2)
9
)
.
If we assume that k ≥ 6, then the right–hand side of (20) is at most 3/8 < 1/2. We thus
get that ∣∣∣∣ℓ log 10− (n− 2) log 2 + log
(
d110
m − (d1 − d2)
9
)∣∣∣∣ < 62k/2
Dividing through the above inequality by log 2 gives
(27)
∣∣∣∣ℓ
(
log 10
log 2
)
− n+ µ
∣∣∣∣ < 9 · 2−k/2,
where µ = µ(m,d1, d2) := 2 + ((d110
m − (d1 − d2))/9)/ log 2. Here, we also take M :=
1.5 × 10282 and we apply Lemma 2 to inequality (27) for all d1, d2 ∈ {0, 1, . . . , 9}, d1 > 0
and 1 ≤ m ≤ 290 except when (m,d1, d2) ∈ {(1, 1, 0), (1, 1, 9), (1, 2, 0), (1, 3, 9), (1, 4, 0),
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(1, 7, 9), (1, 8, 0), (1, 4, 9), (1, 5, 0)} and (m,d1, d2) = (m, 9, 9) for all m ∈ Z
+. Indeed with
the help of Mathematica we find that k ≤ 1950.
Now, we deal with the special cases mentioned just before. First of all, it is a straight-
forward exercise to check that in these cases we have that
µ =


2, if (m,d1, d2) = (1, 1, 0);
3, if (m,d1, d2) = (1, 1, 9), (1, 2, 0);
4, if (m,d1, d2) = (1, 3, 9), (1, 4, 0);
5, if (m,d1, d2) = (1, 7, 9), (1, 8, 0);
1 + log 10log 2 , if (m,d1, d2) = (1, 4, 9), (1, 5, 0);
2 + m log 10log 2 , if (m,d1, d2) = (m, 9, 9), m ∈ Z
+.
In these cases, the inequality (27) turns into∣∣∣∣ℓ
(
log 10
log 2
)
− (n− i)
∣∣∣∣ < 9 · 2−k/2, for i = 2, 3, 4, 5;
or ∣∣∣∣(ℓ+ 1)
(
log 10
log 2
)
− (n− 1)
∣∣∣∣ < 9 · 2−k/2;
or ∣∣∣∣(m+ ℓ)
(
log 10
log 2
)
− (n− 2)
∣∣∣∣ < 9 · 2−k/2.
In any of these cases, by the same arguments used before to get inequality (25), we obtain
2k/2 < 9 · 5395 · 1.5× 10282 < 7.3× 10286,
which implies that k ≤ 1905. Thus, k ≤ 1950 holds for any choice of λ. So, m + ℓ <
1.6 × 1059 := M by Lemma 4.
With this new choice of M , Lemma 2 applied to inequality (22) implies that λ ≤ 210
(including the case d1 = 9). If λ = k/2, then k ≤ 420. While if λ = θm, we have that
m ≤ 65. We apply Lemma 2 with M := 1.6 × 1059 to inequality (27) for all d1, d2 ∈
{0, 1, . . . , 9}, d1 > 0 and 1 ≤ m ≤ 65 except in the special cases mentioned above. With
the help of Mathematica we find that k ≤ 450, which is a contradiction. The same upper
bound for k holds in the special cases. This completes the proof of Theorem 1.
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